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TOPOLOGY OF THE COMPLEX VARIETIES 4

I. DIBAG

1. Introduction

Define, for s < [n/2],

V n0e: manifold of ordered 2s-tuplets of linearly independent vectors in
Euclidean n-space R”,

A®™: space of 2-forms in R* of rank 2s,

j®»: ¥V, — A™: map given by

}én)(yh "',}’2s) =y1/\y3+1 + o -{-)’s/\)’zs ’

Vass: Stiefel manifold of orthonormal 2s-frames in R™, :

A™ = §™(V,,): subspace of A™ of “normalized” 2-forms in R” of
rank 2s,

0V, — AP the restriction of ™ to ¥V, ;.

It was proved in [4] that the maps ™ and % induce the principal Sp(s ; R)-
an U(s)-bundles respectively, and that A is a strong deformation retract of
AP,

One may, equivalently, define A™ as the space of normalized complex s-
substructures of R?, i.e., pairs (p,J) where p is a 2s-plane in R” and J is a

normalized complex structure on p (J € O(p), J* = --1).
To see the equivalence, let w e A™. Thenw = y, A ¥y + -+ + ¥s A\ Voo
for an orthonormal 2s-frame y = (y,, - - -, ¥,,). Let p be the 2s-plane spanned

by y. For x e p, let d,: p — A°p be forming wedge products with x, i.e., d.(z)
=x N z, and 3,: A°p — p be its “adjoint”. Define a linear transformation J
on p by J(x) = 6.(w), x € p. ThenJ(y;) = y;,.;andJ(y) = =y, 1 < i <s.
Thus J € O(p), J* = —1. Conversely, a normalized complex s-substructure J,
J e O(p), J* = —1, can be represented by the matrix [?

S
some orthonormal 2s-frame y = (y,, -+ -, ¥, on p. Hence J corresponds to

W=y AV + -0+ Y A Yy In AP,

It follows from either defmition that A = SO(n)/U(s) X SO(n — 2s) for
s < nj2, AP = OQ2s)/U(s) = I; U I, where I, = SO2s)/U(s), A{® = G,
= O, _,(C) where Gn,z is the oriented 2-planes in R*, and Q,_,(C) is the com-
plex quadric of dimension n — 2.

The spaces A™ appear as “fibres” in global obstruction problems involving

_1 .
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500 1. DIBAG

2-forms of constant rank, and the foremost among these problems are the
existence and decomposability of such forms.

1. The existence of a 2-form of constant rank 2s on an R*-bundle E (or,
a complex s-substructure on E) is equivalent to cross-sectioning the associated
bundle A (E) to E with fiber 4™.

2. Globally decomposing a given 2-form w of constant rank 2s on E as a
sum w =y, A\ Y., + -+ + ¥, Ay, of products of 1-forms (y;) on E is
equivalent to the lifting of the diagram

VaiE)
e
BE -4 (E)

where B is the base manifold, V,,(E) the associated bundle to E with fiber the
Stiefel manifold V, ,,, and w is represented with respect to a suitable metric
on E as a “normalized” 2-form on E of constant rank 2s, i.e., as a map w:
B — A(E). (Refer to [4].)

2a. In the special case when E is a trivial (product) bundle (e.g., the
tangent bundles of Lie groups), the diagram reduces to

v

Vn.'.’s
I'd

4
27 (n)
// f $
4
7

"
B 1 Aén)

and the primary obstructions to lifting w, are the pull-back wi¥(c;) ¢ H*(B; Z)
by w, of the Chern classes ¢; ¢ H*(4™ ; Z) of the principal U(s)-bundle
V24 5 UGS)).

2b. In the general case (i.e., when the total bundle E is not necessarily
trivial) a necessary condition for globally decomposing w is that the 2s-dimen-
sional subbundle S,, of E defined by w is trivial. Using the triviality of §,, (and
a suitable metric on it) w is represented as a map w,: B — I, and then de-
composability of w is equivalent to the lifting of the diagram:

SO(2s)
/4

B/ Wi Is

{which is the special case of diagram 2a for » = 2s) and again the primary
obstructions to decomposing w are the pull-back wi(c;) € H*(B; Z) by w, of
the Chern classes ¢; € H¥(I; Z) of SO2s)(I,; U(s)). (Refer to [4] for details.)

In this paper we make a start on these obstruction problems by studying the
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topology of the manifolds 4. We represent 4™ as the subvariety of the
complex Grassmann variety GS, of projective [s — 1]-planes lying on the
complex quadric Q,_,(C). In perfect analogy with the classical Schubert
calculus on Grassmann varieties, we define the Schubert cell 2,......,_,, 0 < a,
<a < ---<a,;, <n—2 Then the main result of this paper, the CW-
structure theorem, states that 4 is a cell complex on the class of Schubert
cells

(Poreaen @ +a;,+#n—2for0<i<j<n—-2).

As a corollary we obtain the additive homology and cohomology of 4. We
then develop a duality theory for A%, and using this and the inclusion map
j: A™ — G¢ , we compute the Chern classes ¢; € H*(A®™ ; Z). Thus given w
we can explicitly determine the primary obstructions w*(c;) to decompose w.

The paper, as a whole, is self contained. The arguments are based on ele-
mentary projective geometry.

2. Universality of 4
For fixed s we have a sequence of principal U(s)-bundles :

st,Zs c VZS-i-l,ZS c..-C Vn,Zs c Vn+1,2s <. Von,ZS

]cé‘ls) lfs(2s+1) lf‘g‘n) lfén-‘rl) féw)
Y Y

(28) (2s+1) (n) (n+1) (o0
AP CAEY C ... C AP CT AN C - AP

Thus A = dir lim,,_.., A forms a classifying space for U(s). Let W, ; be
the Stiefel manifold of complex orthonormal s-frames in C*, and define
rén) : Wn,s - V27L,2s by rs(n)(zl’ ] zs) = (Zh Tt 2 izla ] izs): and w§n) : Vn,zs
- Wn,s by Wé")(xl, ERNENES ((1/‘/7)(x1 - ixs+1): ct s (1/ﬁ)(xs — iXy))
where i = +/— 1. r® and w{ are U(s)-maps, and thus induce imbeddings
F™:GE,— A8 and W™ : A" — G& , on the quotient spaces. F™ o %™ and
Wi o F{® are homotopic to inclusion maps A C A% and G;, C G§,, re-
spectively. Hence 7 and w{™’ are the desired homotopy equivalences of A
with the standard classifying space G&, ; of U(s).

Let Q%(zy <+ +52,) = 23 + 22 + --- + Z be the nonsingular billinear form
on C". Then it can be easily verified from the definition that

Image w® = (r ¢ G; ;| Q¢ vanishes on «) .

Let @, _,(C) be the quadric of the form Q¢ in P,_,(C). We can now identify
A& with its image in G¢ ,, and write this as a

Representation theorem. A™ isrepresented as the complex analytic variety
of linear projective {s — 1}-planes on Q,_,(C).
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3. Preliminaries

We now list the preliminaries to be needed in the sequel, and for details we
refer the reader to [6]. In what follows, | ; and | ,, will denote orthogonal
complements with respect to the form Q¢ and the Hermitian metric on C*
respectively. V' will denote join, U union and N intersection.

3.1. The conjugation map c¢: C"** — C"*? given by ¢(zy, 2y, -+, Zpy1) =
(Zy, 21, -+ -+ Zn.,) has the following properties :

(i) Q%z;w) = {z|c(w)), and thus z1/ = c(z)*~.

(i) Q°%c(z)) = O%(z), and thus ¢ maps Q,(C) onto itself.

(iii) The image under ¢ of a projective [s]-plane g lying on Q,(C) is another
projective [s]-plane ¢’, which also lies on Q,(C) and is m-orthogonal to gq.
Thus ¢ induces an involution on A";?.

@v) Q°(z; c(z)) # 0 for z # 0. Thus, if an [s]-plane g is [k]-degenerate
with degeneracy g, (i.e., ¢, = g N g7), then Q¢ is nonsingular on the join
q VvV c(q,)-

3.2. Suppose that a projective [s — 1]-plane g lies on Q,(C), and that P
is a point not on g. Then the join g V P lies on Q,(C) if and only if P ¢ O,.(C)
n gts.

3.3. Q,(C) has a nontrivial intersection with every projective line on
P, .(0).

3.4. An [s]-plane g lies on Q,(C) if and only if ¢ C g17. Hence s < n — s,
i.e., s < [n/2]. If s < [n/2], it follows from 3.2 and 3.3 that g is contained
in an [s 4 1}-plane lying on Q,(C). Thus the maximal planes on Q,(C) are
[n/2]-dimensional, and any plane lying on Q,(C) can be imbedded in a
maximal one.

3.5. A&r? = [sl-planes on Q,(C) consists of two connected components
or irreducible subvarieties ¥, and V,, each of which is homeomorphic to I,.,.
The dimension of intersection of two [s]-planes on Q,(C) is congruent to s
(mod 2) if they belong to the same component, and to s — 1 (mod 2) if they
belong to different components.

3.6. It is a direct consequence of 3.4 and 3.5 that given an [s — 1]-plane
g on Q,,(C), there exist unique [s]-planes g, ¢ V,and g, ¢ V; such that g = g, N
9, ¢ =g,V q;, Q5(C) N g+ =g, U q,.

3.7. Let Q,,_(C) < Q,(C) be an inclusion of nonsingular quadrics. Then
by 3.6 above, each [s — 1]-plane g on Q,,_,(C) corresponds to a unique g, ¢ V,,
g. 2 g, and each g, € V, necessarily intersects Q,,_,(C) in an [s — 1]-plane g.
This establishes a homeomorphism between ¥, and 4% = [s — 1]-planes on
0,5.1(0).

Let P, be the unique point of g, which is m-orthogonal to g. Define a con-
tinuous map f: V, — Q,(C) by f(g,) = P,. Let E, F, & be the canonical C**1-,
C*-, C'-bundles over V,, A&*? and Q,(C) respectively. Then, since g, = g V
P,, we have E = F @ f*(¢). P, ¢ Q,._,(C) by definition, and hence the map f
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factors through the open contractible space Q,,(C) — Q,,_,(C), and is thus null
homotopic. Hence the pull-back f*(&) of f to V, is trivial, i.e., f*(§) = 1 and
E=F3®1.

3.8. Let g, C g, be an inclusion of projective [s]- and [s + 1]-planes lying
on Q,(C). Let P e (g, — g,). Then gi/ = gi/ N PLs. Let A be a hyperplane
in g{’ not passing through P and thus intersecting the hyperplane g;7
(containing P) in an [n — s — 2]-plane A,. Central projection through P estab-
lishes a homeomorphism between (2 — 4y and Q,(C) N (g’ — g57). Thus
the latter is an open cell of complex dimension n — s — 1.

39. Let g, be a fixed [s — 1]-plane in P,_,(C), and S,(g) = (g ¢
G:.ldim(g N g) =t — 1) for ¢t < min (5, k). Then the map S,(g,) — G%,
defined by g — g N g, is continuous.

3.10. Let O,e Q,(C) and P,(C) be the hyperplane in P,(C) which is f-
orthogonal to O,. Let C* = (e, e,,¢,), Q°(z) = 22 + 2 + z2, O, = [e, + ie].
Then the curves a(?) = [(cos f)e, + ie, + (sinfe,] in @, (C) and b(f) =
{(cos De, + (i cos P)e, + (sin t)e,] in P,(C) both starting at O, have a common
tangent vector e, € $° at this point. Hence Q,(C) and P,(C) have a “double”
intersection at O, ’

3.11. For k = a + b, decompose a [k — 1]-plane g, into a disjoint join
do = q, V g, of an [@ — 1]-plane g, and a [b — 1]-plane g,. Let S, and S,
be the submanifolds of G%; of [k — 1}-planes containing g, and g, respec-
tively. g € S, intersects gim = [n — a — 1] at [b — 1], and the intersection
uniquely determines q. Hence S, = G%_, ,, and similarly S, = G¢_, .. dim, S,
+dim, S, =m—a—>bb+n—>b—aa=@n-—kk,ie., S, and §; are
of complementary dimensions in G ;. They also intersect transversally at the
single point g,. This gives a direct sum decomposition for the tangent plane to
Girat ¢ T, (G ) = T, (S) DT, (Se)

4. Topology of Q,(C)

Let [p] be a maximal plane of dimension p = [r/2] lying on Q.,(C), [p] D
[p — 11 D --- D[1] > [0] be a cellular decomposition for [p] by its sub-
projective-spaces, and

[n+ 11D D7D ... Dln—p— 1]
Sl D —11D--- 5[1]D 0]

be the corresponding cellular decomposition for P, ,(C).

Define Q. (C) = 0, (C) N [n — k — 1]+ for k > p. Then O (C) D [rn — &k
— 1], and is thus an [r — k — 1]-degenerate subquadric of Q,(C). 1t follows
from 3.8 that {Q.(C) — Q,_,(C)} is an open cell of complex dimension k for
k> p+ 1, and that {Q,.,(C) — @,(C) N [n — p — 1}*7}is anopen [p + 1]-
cell.
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For n=2p + 1, 0,(C) N [n—p — 1] = Q,,.,(C) N [p]*/ = [p], and
thus

Q2p+1(C) > sz(c) >-.--D Qp+1(C)
Splolp-1>--- D[] D[0]

forms a cellular decomposition for Q,,.,(C).

For n = 2p, assume without loss of generality that [p] = [pl, € ;. Then
by 3.6 there exists a unique [p], € V, such that @, (C) N [n — p — 1]+ =
Q:,(C) 0 [p — 1]+ = [p], U [p];. Thus

sz(c) - sz-l(c) D e 2D Qp+1(C) - [p]o >
lpholp—12>.-- D[1] D[0]

is a cell decomposition for Q,,(C).

5. CWh-structure of 41?

Define, for g e AZ%? and te Z*, g, = g N complex ¢-dimensional cell of

s+1
2.(0), ie.,
g N [1] fort<n/2,
T lgnN Q) fort>n/2,
45, =9 NPl 4p,=qgNIpl, Tforp=n/2.

Observation. (i) q, is a subspace of q.
(i) The sequence (q,) forms a filtration:
Forn=2p + 1,

9 =Gqopr1 DGop 2D " DGp1 209G, D - DG D4,
For n = 2p, either
Q=Gqop D Gp 1O "+ DGps1 29y, DGp 12D+ DGo, p, = o1 >
or
9=qop D Gop1 D+ * DGpa1 D Gp, D Gp1 2 = - DG D Gos Gy, = dp-1 >

by subspaces whose dimensions decrease at most 1 at each step.
Proof. (i) Obviously, q, = q N [f] for t < n/2 is a subspace, and

:=9N2CO=9gnNQONh—-—t—-1]""=gN[n—1t—-1"

for £ > n/2 is also a subspace.
(i) Fort < n/2,
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dimg,=dim(@ N [f) < dm(@g N[t —1]) + 1 =dimgqg,_, + 1.
Fort > n/2,
dim g;,, = dim (g N @,,,(C))
=dim@Nn—t =21 <dim@Nn—t—1}1t) +1
=dim(g N Q,(C)) + 1 =dimgq, + 1.
If n =2p + 1, then
dim dps1 = (dlm q N QP+I(C))
=dim (g N [p — 1]*) < dim (g N [p]*) + 1
= dim (g N Q@yp,,(O) N [p]+) + 1
=dim(@N[p) +1=dimg, +1.
Thus
q:‘bp-uD‘pr ‘e qu+qupD <.+ D g, D 4G,
is the required filtration.
If n = 2p, then
g=1Ip— 11" =g N @, (C) N [p — 1]&
=g 0 (pl U [P1) = g,, U gy,

is a_subspace, and thus either g N [p — 114 = 4y, D 4p, 0T ¢ N [p — 1}%
=gy, D gy, IftgNp— 1Y = dp, D 4p,, then

G, =dp, Vap, =g N L N [Pl) =g Nlp—-1=gqg,.,,
dimg,,, =dim(g N [p —2]*) < dim(g N [p — 11*) + 1
=dimg, + 1.
Thus
d=Qp D QD Dy Dy, Dy D -+ Dy Dy
is the required filtration.
Similarly, if ¢ N [g — 11* = ¢,, D g,,, then we have ¢, = g,_, and
q=QZpDQZp—ID s qu'—l:)qplDQp—ID <+ D g D(g,

is the required filtration. q.e.d.
For0<a<a < .-+ < a, < n, we introduce the closed Schubert cell

2 =(ge A%P|dimg,, > 1) .

QApR1*As

An immediate corollary of the preceding observation is the following.
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Corollary. A"7? = U 2400, ase

However, some of the cells in this covering are “superfluous”, and the next
lemma shows that 4%}® can be covered by a smaller class of Schubert cells
(Qogayewasl@; + a; # n for i < ).

Notation. For a = (ay,a,, --+,a,) and b = (by, by, - -+, by) € (Z*)**, we
write: b < gifandonlyif b; < a;,, 0 < j<s;b=aifandonlyif b; = qa,,
O<j<s;b<aifandonlyif b <a, b +# a.

Lemma. Q,,.... = Usce Qoo bs + by 5= 1 for i < J).

Proof. Suppose a; + a; = n for some i < j; otherwise, the lemma follows
trivially. There are two cases to consider.

1. dimg,,_, =dimgqg,, >i. Define b, = min(a,;a, —i+ k — 1) for
0< k <i— 1 Thendim g, > k, i.e., € 2yt rai-1ai 01

2. dimg,,_, = dimgq,, — 1. Then [a;] = q,, VV [a; — 1].

(1) ga,; L 9., since g C O, (C).
() gq, 1 s[n —a; — 1] = [a; — 1], and thus by the above

9a; © 2,(0) N [a]t = 0.(C) N [n — a;]+ = Q,,.,(O) ,

ie., dimg,,., = dimgq,, > j. Define ¢, = min (a;;a; —j + k — Dfor 0 <
k<j—1.Thendimq,, > k, i.e., ¢ € Deyrrerc;saj-10;10-a5- LTHUS

-analmas - ‘Qbo“'bf—lai—lai-v'—l"'as U ‘QCO"'L‘j—lle—laj+l“'as s

where b, < a, for 1 <k <i—1,and ¢, <a, for 1 <k <j— 1. Hence
the lemma follows by induction on Y 5.,a;, = a, + a, + +++ + a,. q.e.d.
We now define the open Schubert cell 2%, fora; + a; #n, i < j:
Qpa, = (@e ALY |dimg, = jfora; <t <aj,,) .
The basis of our CW-structure theorem is the following.

Proposition. 23", is an open topological cell of complex dimension
d. = Y5.0a; — s(s + 1) + e, where e is the number of pairs (a;,ay), i <],
a; +a; < n Fora; <nf2and 0 <j<s, Q8L . is the ordinary Schubert
cell (Q°)xer...,, of the complex Grassmann manifold Gg,m.1.5:.(C ARV, in
which case, €(Rppr.a) = 356 + 1) and d.(Q40,..0) = D=0 a; — (s + 1).

Proof. We use induction on s. For s = 0, A#*? = Q,(C), and the open
Schubert cells of A**? are precisely the open cells of Q,(C) as determined in
§4. Let s > 1, and assume the induction hypothesis for s — 1. We define an
onto map F: Q¥ ., — Q% . _ by F(q) = q,,_,. It follows from 3.9 that
F is continuous. Let F, be the fiber of F at an arbitrary [s — 1]-plane g ¢
Qoeen .- We have two cases to consider.

1. a,< n/2. Then 0QF2 . . is precisely the ordinary Schubert cell
(°)geen . in the Grassmann manifold G% ., ..,. we F, cuts gi= N ([a,] —

Aoayeerds

[a; — 1]) at a single point P, which uniquely determines w. Hence F, is
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homeomorphic to g+ N ([a,] — [a, — 1]) which is an open cell of complex
dimension d, = a, — 5. Let O; be the unique point in [j] which is m-orthogonal

to[j — 1], and § = [0, O, -+, 0,,_,] the distinguished element of
Q% ..4._,- By the induction hypothesis, 2 .  is an open cell and thus

contractible. Hence the principal bundle U(a,_, + 1) —» G5, _ .., is “trivial”
over Qe ., 1.e., admits a cross section ¢: 2%, | — Ula,., + D. ¢,
maps ¢ onto g, and hence 4+~ onto g'= isomorphically. Also, ¢, transforms
[a;] and [a; — 1] isomorphically onto themselves. It thus induces a homeo-
morphism 7,: F; = §t= N ([a,] — [a; — 1) — g+~ N ([a;] — [a; — 1]) = F,.
Hence (g, P) — #,(P) yields a “trivialization” for F. Thus 2%, . is a product
bundle 5. ., . X F, over 23 . and, by the induction hypothesis, is an
open topological cell of complex dimension d, = > 5.,a; — %s(s + 1).

2. a;> nj/2. weF, again cuts gt~ N ([n — a; — 11+ — [n — a]+) at
a single point P,, which uniquely determines w. It follows from 3.2 that we
A&%® if and only if P, € OQ,(C) N g+/. Thus the fiber F, is homeomorphic to

Fo=0,00) Ng=NgvN(n—a — 11" —[n—alv).

We now observe the following.

(i) By 3.1 (iv), Q¢ is nonsingular on the join g \/ ¢(g). Thus the restric-
tion of Q,(C) to its f-orthogonal complement, i.e., to the plane gt~ M gt/ is
a nonsingular quadric @, _,,(C).

(ii) Let ¢, be the number of indices a, such that 1 <s, g, + a, < n, or
equivalently, such that a, < n — a, — 1. Then by the definition of Q%= |
wehavedim(g N [n —a, — 1) = e, — 1. Sincea, = n—a,vi,q N [n—a,
=qgN[n—a,—1],ie.,dim(g N [n—a]) =e — 1.

(iii) g C Q.0 = Qn(C) N [n — a,]t7, i.e., g and [n — a,] both lie on
0,(C) and are mutually f-orthogonal. Thus the join g \V [n — a,] lies on
0,(0). Sincedim (g \/ [#n —a,]) = dimg + dim[# — a;] — dim (g N [n — a,))
=n—a, — 5 — e, the subspace g \V [n — a, — 1] of the join also lies on
0,(C) and is of (complex) dimension # — a;, — s — e, — 1.

(iv) Let h, and k, be the m-orthogonal complements of g in g \/ [n — a|]
and gV [n — a; — 1] respectively. Thenk, C Q,(C) N g+’ since g V [n — a,]
lies on Q,.(C). Thus

he € Q2,(C) N g~ N gim = @, (O),
dimh, =n —a, — e, dmk,=n—a;, —e; — 1,
gt Nin—al?=@Vvin—al) =@V h) =g N k.
Similarly,
g Nin—a,— 11y =g N kL.
(v) F,= 0,0 N g N gt N (kg” — hy),

i.e.,
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Fo=0,,(C) N (k37 — hy’)

where | ; now denotes f-orthogonal complements in the planev g+~ N g+,
Hence it follows from 3.8 that F, is an open topological cell of (complex)
dimension

de=n—2s—(n—a,—e;, — 1) —1l=qa,— 25 + ¢,
=n—2s5) —dimh, > 3n — 2s) .

(@) If niseven and a, — 25 + e, = ¥(n — 25), then k, is a maximal plane
on O,_,(C), and k, is of codimension 1 in k,. It follows from 3.6 that there
exists a unique maximal plane /; belonging to the opposite variety containing
h, such that A, N A, = k, and Q,_,(C) N kL’ = h, U kj. Thus

Fq = Qn—Zs(C) n kflL'r - Qn—Zs(C) m h&“" = hq U h/q - hq = h; - kq

is an open projective space.

(b) lfa, —2s + e;,> }(n — 2s),then 0, ,(C) N k}ffisan[n — a, — e,]-
degenerate quadric Q, _,;..(C), and hence F, = Q,, _1:,.(C) — Q,_.(C) N
h}’ is an open quadric. Let

As,n-a;—es,l = SO(” + 2)/U(S) X U(n — d; — es)
X U(l) x SO(a; — s + e, — n)

be the flag manifold of triplets of ordered mutually m-orthogonal [s — 1],
[n — a;, — e, — 1] and [O]-subspaces of [n — a, + s]-spaces lying on Q,(C).
Define §: 232 as dspai-esn BY 0(@) = (q, k4, 1) Where r, is the unique
point in 4, which is m-orthogonal to k,. Continuity of ¢ follows from 3.9. By
the inductioh hypothesis, £ .. . is an open contractible cell, and thus ¢

admits a lifting ¢ to SO(n + 2), i.e.,

(SO(n +2)

-
(open” ___ﬁ_—[] 5
L goareras—1 S;n—as~Cs.l -

Let O; be the unique point of [j], m-orthogonal to [j — 11, O,_; = ¢(O,_;)
the unique point of @,(C), m-orthogonal to O;_,(C), 0 < x < s — 1 the largest
integer such that a, < n/2, § = [Og4, -+, O, O; —gpar * 02 Ong] the dis-
tinguished element of 232, |, and 6(§) = (g, kq,rq) the dlstmoulshed ele-
ment of 4, ,,_,,_ .1 {, maps § isomorphically onto g, and therefore the plane
gtr N gim 1sornorphlcally onto the plane g+ N g'=. Hence ¢, maps O 0. zs(C)
homeomorphically onto Qn_zs(C) Also, ¢, is an 1somorphlsm of h and k
onto h, and k,, and thus of %}’ and &L/ onto htr and ki’ respectlvely, and
therefore induces a homeomorphlsm
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ty: Fy= 0py(C) N (ki — BE) = 0y of(C) N (ki — hE) = F

Thus (g, P) — t,(P) yields a “trivialization”

Qopen b4 F E Qopen

aoa1* *As~1 apai-*-as *

Hence Qg is a product bundle over Q% . . and, by the induction

a.oa.x *as

hypothesis, is an open topological cell of (complex) dimension
d, _Za — (= Ds + e(@u0y0nas_) + G — 25 + ¢,
j=0
Z_O a; — s(s + 1) + e(Q,,.,....) - q.e.d.

Suppose dim g,, > j and dim g,,_, < j. Since dimg,, < dimgq,, , + 1, it
follows that dim ¢,, = j and dim g,,_; = j — 1. Hence we have the standard
identity

Qgg;xll ay & anapuas - U ‘an'--(a.j—l)---a., »

aj-1<as-1

or, equivalently,
Qgﬁ:f as T 'ana.r--a.s - IE) ‘Qbobx"'bs H
a

which, by applying the lemma of § 5, this can be strengthened to read:

QFer = Lapareas — sz Qe With ¢, +c; =0, i< j.
It follows from the preceeding proposition (by induction on the dimension) that
Oooaionae @z +a; F 0,1 < j, is a topologlcal cell attached to the Schubert
cells (2,,...c.l € < a, ¢; + ¢; # n, i< j) lying on its boundary. This imme-
diately yields the following CW—structure theorem which is the main result of
this paper.

CW-structure theorem. A% is a CW-complex consisting of Schubert cells
Qoo for0<a, << - <a,<n,a; + a; =0, i <j, 2yara, is the
variety of [s]-planes on Q. (C) which intersect the complex a;~dimensional cell
of Q.(C) at a plane of complex dimension j, 0 < j <s, and

dim (Qu,..0) = 2(2‘ a, — s(s + 1) + e) ,
j=0

where e is the number of pairs (a;,a,), i < j, a; + a; < n.

Demonstration. As a demonstration of the CW-structure theorem, we now
present the following examples.

1. AP = [2]-planes on Q(C)
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0 2 2 4 4 4 % 6

Quz -Qolso ~Q0131 Qs -(-)0230 90231 Qs -(-)0304
18 16 16 14 14 14 12 12|

245 Q556 -Qsoss Qs -stas 93046 Qus "6

6 8 8 10 6 & 8 ()Y

‘QOSM ‘Q0305 90315 QO“IS QIZBQ ‘(21231 ‘01304 “<13;4

2 10 10 3 12 2] 10 10

-stos ‘lels “< 1306 -9126 Qsm 93045 92315 ¥< 23

Dual cells appear in the same column, and the number in the corner indicates
the dimension of the cell. (Refer to § 8 for duality.)
2. A{" = [1]-planes on Q,(C)

0 2| 4 6 4 6

Qn o Dy 24, le\ RO
14 12 10 g 10 g

Q. o 2y Qi 954\ 2,

Corollary. The inclusion map j: A® C A®LY is “cellular”, and A™ is the
subcomplex of A%® consisting of Schubert cells 2,,...,, for which a, = 0. In
particular, Q,_,,(C) = AP~%*2 s the subcomplex of ATI® consisting of
Schubert cells for which a; = 0, j <'s.

6. Homology and cohomology of 4%?

Since A%i® admits a triangulation by even dimensional cells only, the
boundary and coboundary operators are zero, and each Schubert cell represents
a distinct homology (cohomology) class. Hence A%*® is simply connected,
H*(A%? 5 Z) is torsion free and vanishes in odd dimensions. H*(4%3? ; Z)

is the free abelian group on Schubert cells 2,,,,...., for whichdim 2, , .. ,. = 2i.
The Euler-Poincaré characteristic

12(A%%?) = Total number of cells = 2”1.([”/2-]{-—11_ 1) .
s

1t follows from Proposition 2.5.2 of [1] that K}(4%1®) = 0 and K'(4%3?) is
the free abelian group on x(A4%%?) generators.
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7. Maximal planes on Q,,(C)

The special case of the CW-structure theorem for s = [r/2] reduces to
Fhressmann’s triangulation in [5] of the variety of maximal planes on @, (C).

(i) For n = 2s the indices (a,, a,, - - -,a,) of a Schubert cell 2,,...,, are
picked one from each column of

<0 1 .51 s0>

2s 2s—1.-.s4+1 s ’

since a; + a; # n. Thus once (a,, - - -, a,_,) are chosen (where 0 < x < s is
the largest integer such that a, < n/2), a, is either s, or 5,, and the rest of the
indices (a.,,, - - -, a,) are the elements in the 2nd-row of the complementary

columns. Let V; = I,, be the irreducible subvariety of 4%;® containing [s];
for j = 0, 1. Then it follows from 3.5 that £2,,...,, lies in ¥ if and only if

So forx=s (mod 2) ,
s, forx=s—1 (@od2),

and in V, if and only if
{s1 forx=s (mod 2) ,

a, =

S forx=s—1 (mod2).

Thus the Schubert cells of 4&}? are evenly divided between V, and V,, and

each £2,,,...., is uniquely determined by the indices (a,, a;, - - -, a,_,), i.€., by

the dimensions of intersection with the decomposition [s — 1] D [s — 2] D
- D [1] D [0]. We thus put Q,,,...., = [apa;, -+, a,_,] and "~

e@D=%+D+Q—a)+2s—a,_;, — 1 + ---
+@2s—az,, —(—x—1),

dim, (@) = 3 a; — s(s + 1) + $x(x + 1) + 25(s — %)

j=0

Y A== —x—1),

F=z+1
i.e.,
. Z~1
dlm [a09a19"°9a:_1]= Za* %‘S(S'—'zx-*" 1) .

(i) For n = 2s + 1 the indices of a Schubert cell £
from each column of

woaze-eas AI€ Picked one

<0 1 s—1 s)
25 +1 2s---s54+2 s+1/°
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Thus once the first set indices (a,, ay, - - -, a,) are given, the rest (a;.,, - - -, a,)
are simply elements of the 2nd-row of the complementary columns. Hence
£2,001--.a, 15 uniquely determined by the dimensions of intersection with the de-
composition [s] D [s — 1] D -« D [1] D [0]. We thus demote £,,,...., =
la, a;; - -+ a.l,

e@=4xx+1)+Qs+1—a)+ @s—a,_)+ -
+@+1—a,,—@—x—-1),

dim, (@) = 3} a, — s(s + 1) + $x(x + D + (6 — 0@ +

3

- 24— —x(—-x-1),

jez+l

ie.,

dim, [ay ay, - > @] = 3 a; + 3(s + 1)(s — 2x) .
7=0

(iii) Let h: A®*Y» —» ¥V, be the canonical homeomorphism of 3.7 be-
tween the variety A®*Y of maximal planes on Q,, ,(C) and the irreducible
subvariety ¥, of maximal planes on Q,(C). Let [ — 1] D [s—2] D ... D
[1] D [0] be the cellular decomposition of the maximal plane [s — 1] on
Q,:1(0), and [s], D [s — 11 D --. D [1] D [0] the cellular decomposition of
[s], = hls — 1]. Then using the notation introduced above, we can identify
the Schubert cells [a,, @;, - - -, a,] of V, and [a,, ay, - - -, a,] of A%V for 0 <
a, < a < -+- <a, <s — 1 through the homeomorphism #.

8. Duality theory for A1?

We first briefly summarize the standard duality theory for G¢.,,.,. (For
details see [8, Chapter III].) Let

(1) [n+1]D[r]D--- D[1] D[0]
be a cellular decomposition for P, ,(C), and
(2) m+11o0H D14 D ... D n}t=

the dual cellular decomposition by m-complementary planes. Let P; be the
unique point of [/] which is m-orthogonal to [j — 1]. Let (2¢,....,.) and
(8%,...5,) be the two systems of Schubert cells of G¢,, ., arising from (1) and
(2) respectively. 25 _,....._,, is called the dual cell of 25, ... The duality
theory for Gi,,,., states that two Schubert cells £¢,..,. and 2,..,, of
complementary dimensions intersect transversally at a single point g =

[P,P., --- P, if they are dual, and are disjoint if not.
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Wesawin §4 thatif [p] D [p — 1] D --- D [1] D [0] is the cellular de-
composition of a maximal plane [p] on @,(C), then the corresponding cellular
decomposition

[+11Do0Y D[y .- Dr—p—11¥

(3)
Dp1Dp—-1>-.--D[1] D0

of P, ,(C) gives rise to a cellular decomposition for Q,(C):

02p:1(C) D 05p(C) D -+ - D 0p,(C)
Dplolp—11>2--- D[1] D [0] forn=2p+1,
Q:,(C) D 05, 4,(C) D -+ - D Qpi(C) D[Py s
P2 —-112>--- D10 forn=2p.
Let
[n+ 1120 D Dn—p— 1]t

(4)
D {[pltrtm D o D {[0]Lr )

be the dual decomposition of P,.,(C) by m-complementary planes. Since,
[k]1™ = c([k])1’ and ([k]1)+1 = c([k]), 0 < k < p, (4) is precisely the cellular
decomposition
[n 4+ 11 D (0D D --- De([n — p — 1D
De(p) D --- D (0D

corresponding to the maximal plane ¢([p]) on Q,(C), and thus induces a cel-
lular decomposition for Q,(C). We put

(5)

k] = c(lk) for0<k<p,
2u(C) = clln — k — 1D+ N 2,(O),
k] = [n — K& = o([n — kD+r  fork > p.

For n = 2p, [p]; is disjoint from c([p];) for j = 0, 1. It follows from 3.5 that

cdpl) eV, and c(pl) eV, for p even ,
c(Iplp eV, and c(plpeV, for p odd .

Thus we put

(5], = c([pl) for p even, (5], = {C([p]o) for p even ,
* {c([p]a for p odd , "7 letply  forpodd.

Also for n = 2p + 1, put [p] = <([pD).
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With this notation, the induced cellular decomposition of O,(C) reads as:

Qp:i(C) 2 0,,(C) D -+ 20,0
S22k —-11D .- D[0] forn=2p+1,
QZP(C) DQ2P—1(C) = DW 2 [ph s
PLolp—=11D---D[0] forn=2p.

The Schubert cells, arising from this decomposition, will be denoted by 2,.......
1t is clear that the two cellular decompositions of Q,(C) (obtained from (1)
and (2) are congruent under the action of SO(n 4 2), and thus the correspond-
ing Schubert cells 2,,,,...., and 2, ,...... represent the same homology class.
Let also (£,...,,) and ({25,...,,) be the two systems of ordinary Schubert cells
of the Grassmann variety G ..., corresponding to (3) and (4) respectively.

Definition. 2%, ... = 21 sna, s, iS called the dual cell of 2

with the following convention:
If n = 2p, then put, for a; = p,,

Qotia++Gs

Do for p even ,
n — aj =~
D for p odd ,

and, for a, = p,,

: D for p even ,
n—a; =
Do for p odd .

e(82,,0,...c,) = number of pairs (a;,a;), i <j,a;, +a; < n.

e(2% ,,....,) = number of pairs (a;,a;), i <j a, +a;>n.
Thus e(2) + e(2") = Ls(s + 1), and by the CW-structure theorem,

dim, () + dim, (2% = ¥(s + 1)(2n — 3s) = dim, 4237 .
Also Qggena, —> 2% 0.0, 15 @ bijection between Schubert cells of a fixed
dimension and those of complementary dimension.

Lemma. There exists a minimal imbedding J of the system (2,,....,) of
A into the system (25,....,.) 0f G544, and a minimal embedding J of
(Qaprnay) im0 (2%, ..., such that

(1) Qs © I Pooyea) aNd 2gnyca, © J(Pparia)s and Lypgyona, <
Qioprens i ALY if and only if J(02,,.....)  J(2y,...5,) in G50 ;.1 (and a similar
condition for T).

(i)  Qupayeea, and Doy, are “dual in AL if and only if J(Q,,...,) and
J( Dy, are “dual” in G5,y .-

(i) J(Qppayenay) N ALY = 2,4,...5, €xcept for n = 2p and a; = p, for
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some j, in which case J(2q,...p1.ca) N AL? = Qopeiprnas U Lageingrna, (and a
similar condition for J).

Proof. We first construct imbeddings j and 7 of the cells of Q,(C) into
those of P, ,(C) as defined by (3) and (4) respectively by putting:

KD =[] for0 < k < nj2,

iply =1[p] and j(pl) =+ 11=[p—-1Y forn=2p,
O =k +1]1=[n—~k-— 1] for k > n/2; similarly ,

F (kD) = [k] for0 < k < n/2,and forn = 2p

ol = [P~ =P+ forpeven,
J{LPJ, _{[?] fOI'pOdda
] _ (7] for p even ,
J([P]Q = {[E-__*l—]lf = +1 for p odd ,

jOO)=m—k—11r=[k +1] fork>n/2.
Define J and J by

J('anax--'as) = ‘Q;(ao)j(ax)"-j(as) >

i{a) — 0O
J('anal"'as) - 'Q.i(UtO).i(Ud)‘“i(as) .

Properties (i), (ii) and (iii) are easily verified from the definition. g.e.d.
This lemma enables us to develop a duality theory for A%® from the
standard duality theory for G5, ...
Proposition. () Q,,...c, N D5,...0, = O unless

Rovareas 2 Pogpieeens (i.e., a>b) .

(ii) Let O, be the unique point of [j] which is m-orthogonal to [j — 1],
and let O = c(0;), 0 < j<s. Let 0 < x < s be the largest integer such that
a; < nf2. Then Q,,....., and D,,....,. of complementary dimension intersect
transversally at a single [s]-plane § =[Oy -+, O4yy Onanyrs - *» Onal] if
they are “dual”, and are disjoint if not.

Proof. Suppose Q,,...q, D Pypro0,- Then J(2,,...0) D J(2,,...,,) by part (i)
of the lemma, and it follows from the duality theory for G2, .., that J(2,,....,)
N J(2,,...,.)" = 8. Also J(2,,..., )" = J(2%,...,,) by Part (ii) of the lemma. Thus
J(244necar)s J"(Qf,o_,,,,s) and their subsets 2,......, &5,...,, are disjoint, respectively,
by the lemma.

(i) It follows from Part (ii) of the lemma that if Q,,..,, and 2,,...,, are
dual in A%, so are J(2,,...,,) and J(2,,...,,) in G, .;, and J(2,,...,,) and
J(2,,...,,) intersect transversally at a single [s]-plane § = [O,, - - -, O,
Onaov - > Oss,] by the duality theory for G5 . ;.

Obviously, § & 2,0, N 2,,...5,, and the subset 2., of J(2,,...,,) and
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subset the O, ...,. of J(2,....;.) also intersect transversally at §. If 2, ..., and
Q,,...,, are not dual, then it follows from Part (i) of the proposition that they
are disjoint. q.e.d.

This can be best expressed in a single theorem:

Intersection theorem. Homology classes {£,,.....} and {£2,,...,.; of comple-
mentary dimension intersect in 1 if they are “dual” and in O if not.

9. Chemn classes

An immediate application of the duality theory for A®™ is the computation
of the Chern classes of the principal U(s)-bundle V', , (4% ; U(s)).

Theorem. ““‘Stability” for Chern classes is attained at n = 2s + 3, and the
ith Chern class ¢; = QF...c_i_1s—is1...s JOr n > 25 + 3. As for the unstable

cases:
(1) For n= 25 + 2, ci = 'Q())I;.---s-i—l s§—=%+1-ee30 + 'Qg;---s—i—l S—i+1eeesy®
(ii) Forn=2s+1,¢;,=2[01---s5s—i—1,8s—i+4+1-.-85—1}%
(i) Forn=2s,¢,=0andc¢; =2[01 ---5s—~i—2,8§ —i.--5—2]%,
I<i<s—1.
Proof. Forn>2s+3,letj: A™ — G; ; be the “inclusion”, dim, (2,,,....,)
= i, and

j*(gaon-a;) = kao---a,‘Qal---s-i-l S=t+1sees

+ linear combinations of other [{]-cells of G¢ .
Taking “intersections” of both sides with (£2°)%,...cs_1 s—i+1...; yields
kao---as = j*(gao---ax)'('Qc)éln-s—i—l S—d+leses *

n > 2s + 3impliesthat n — 1 — s > 1(n — 2), and thus [3,] N Q,_(C) =
Q,,.(C) fora; > n — 1 — 5. Hence

Aén) n (‘Qc)élu-s-i—l Seitleees — As(m n Qsz—l—s---nﬂ:—s—zn+i—s---n—1

= -Qn-z—sﬂ-n-{-i—s-s N+i—S—lesen=2

= ‘Qéln-s-i—l §—Z+leers o
which implies that
Qaqu-cu N ('Qc)él~--s—i—1 s—itleess — ‘Qa,o---as n Agn) N ('Qc)él---s—i—l S~t+1eess

= an---a, N Qf)l---s—i-l S—f+leesg »

It follows from the duality theory for 4™ that k,,...., €XCePt Kopoomicy smistenns
all vanish. By the proposition of § 5

Q ; = £ ;
HEQleses =g =1 §—C+lecas — 0leeeg~i—1 §=2-mleees 2
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and thus
— t —
k01---s—1:—1 S—=i+leses = ‘le-us-i—l S=t+l-vas” (QC)OI---s-i—I S—i4+leees — 1

by the duality theory for G¢ ,. Hence the dual map j* on the cohomology level
satisfies

. * s
FRNE csmimt smitees = QFvismiot smiatons

and ¢; = 2F...i_i_1 s—i41... by “naturality” for Chern classes.
(i) Forn=2s + 2, again let j: 4%*? — Gi,, , be the inclusion. Then

a5 _ E3
] (‘Qc)aﬁ---s-i—l S~i+1lessg =7 Z kao---a;‘annras >
dime (2g)=1%

[s + 11 N @,(C) = [5] U [5], [@,] N Qu(C) = Qy,1(C), fora; > s + 2,

A§2s+2) n (‘Qc)(z)l---s—i—l S={+leaes

— (28+2) D¢
h As n Qs+1---s+i S+ i4200028+1

Qso S4leeeSti—1 S4721ese28 U Qs1 S4leceS+i=1 S+Ei41eeels

—_— ¢ 19
hand 0leses—g—1 5~7+1eee5p U ‘QOI...s-i—l S—=2+1evesy ?

and thus
‘an---a, n (‘Qc)(t)lu-s-i—l §—%+leses
= ‘ann-a; n As(zs‘”) n (‘Qc)él-o-s—i—l S=T+1leees

¢
= ‘Qaaapc-a,; n (‘Qél---s—i—l s—i+1les-59 U ‘QOI---s—i—l s—i+1---31) M

Hence k,,...,, €XCEPt Koy.ogms1 smintnnsy A0A Kopuoig_s1 s_g510s, ALl vanish.

otoomiot smieroes ANA (OO i 1 e_ie1...¢ iDtersect transversally at a single
[S - 1]'Pla-ne q = [00’ STt 0:—72-1: Os—i+15 MRS Os] and q € QOI---s—i—l s—i+1--+5p
O (2. coi-1 s—i+1...s» and thus their subsets

Qol---s—i—l §—2+1eeesp 2 (‘Qc)(t)l---s—i-l S—i+leees

also intersect transversally at §. Hence Kg...; ;-1 s-¢41...5p = 1, and similarly

ko1..-g—i-—1 S—i4desesy T L.
e % —
] (Qc)ol---s—i—l §=g41leees — Qg;...-s—i—l S—i+1eee5p + Q(ﬁ---s—i—1 §—i+1leeesy 9

and, by naturality, the result follows.
(ii) Forn =25+ 1,

1N Qe n(O) =5~ 11, [3] N Qpes(O) = @, n(C) a; > 5,

25 +1, — 2s+1 0O
As( s+h n (Qc)f)ln-s-i—l 8—t41see8 — Aés ) n Qg---s+i—1 S+i4lees2s

= -Qs—l SeeeSiim2 St ivesls~1 9
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a, + a, = (s — 1) + s = 25 — 1, and repeatedly using the method of the proof
of the lemma in § 5 we obtain

i
(=]

Qs—l S S+ leces4i—2 §5+¢re25—1 §—=2 8 S+1eees+T—2 S+Tr=r28=1

§—=7 8§ S+ 1ree85+T=2 §+7e2225—1

Il
0 R

t
0leer§mi=1 §—+1eme85—1 §+3-1 3

and therefore

:
'an-_--as n (Qc)m---s—i-l §=i41een8
= Qag---a; n AEZSH) n (Qc)él---s—i—l S§=itleees

—_ ¢
- an---a, n QOI-~-s—i—1 S~ leces—1 §+2=1 *

ThUS ka.o---a., except kln---s—i-—l §mi+leers=1 84+2=1 au vanish.

Ql)l---s—i—l S—i+leres—1 54+7-1 and ('Qc)f)l-us—i—y §—Z+1eees8 intersect at a Single [S - 1]'
Plane q = [Ooa Tt Os—i—b Os—i+1> Tt Os-1> O;-i]> and k01~-~s-i—1 Sel+lreesml S4i=1
is the degree of intersection at this point. Let a= [Oy, - -+, O¢_;_1, Os_;.1

-+, 0,_]1, and let S, and S, be the submanifolds of G%,,, , of planes passing
through @ and O;_; respectively. Then by 3.11 we have a direct sum decom-
position of tangent planes

( 6) Tq(G§s+1,s) = Tq(Sa) @ Tq(SO) .
Also ‘

Sa N ‘Qm---s-i—l S—i41leses~—1 $+i=1 — -Qm---s-z'—1 S=isleses=l >

So n QOl-us-i—l S=i4leses—1 S42=1 — QI(C) »

where Q,(C) is the nonsingular Qﬁédric on the 2-plane (O,_;, Y, O,_,), Y being
the unique point of [s — 11+ which is m-orthogonal to [s — 1]. Since

dlm QOI---s—i—l S—t4+leea8=1 S+i=1 — dlm Qm---s—i—l S—241leses—1 + dlm Q1(C) ’
we obtain a subdecomposition of (6):

( 7 ) Tq(gm---s—i—l §=F+1le-es=1 s+i—1)
= Tq(‘QOL-vs—i—l s—i+1---s-1) @ TqQ1(C) .
Also

Sa, n (-Qc)fu---s—i-l Smitleses = (-Qc)fuu-s-i-l §—i4leses—1.9

where ¢ on the right hand side denotes “dual” in the Grassmann manifold
G5, s, = [s — 2]-planes on (O;_)*=, and



COMPLEX VARIETIES A™ 519

SO n (-Qc)(t)ln-s—i—l Seftleess — [s — I]LI »
dlm (Qc)al---s-i—l §=7141learsg
= dlm (Qc)gl---s—i—l §—141eees-1 + dlm [S - 1]_'.; .

Thus we obtain

Tq(Qc)éln»s—i—l S=141ressg

( 8 ) ¢ - 111
= Tq(‘QC)Olu-S-i—l smit1enesot @ Tq[.S — 1]t

Since (7) and (8) are subdecompositions of the same direct sum decomposition
(6),
Tq(‘Qmms—i-l $—i+1ree8=1 s+i-1) n Tq(Qc)é;---s—i—l §=T+1se-8
(9 ) = Tq(‘QObns-i—l s-i+1~-~s-—1) N Tq(‘Qc)él-us—i-l SeEtloras=1
D T,02/(C) N Tyls — 11+ .

The first summand is zero by the duality theory for G%,,_,. Let P,(C) =
(0;_;)* in the 2-plane (O,_,, Y, O._,). Then P,(C)  [s — 1]+/, and it follows
from 3.10 that dim T,0,(C) N T,P,(C) = 1. Since T,0,(C) & T,[s — 11¥,
we have dim T,0,(C) N Tq[s—:——l]lf = 1, and it follows from (9) that

Kopeos_gn S—filesrsml S+4—1 — 2, 1.€.,
¢, = ]*(Qc)tﬁ---s—e‘-l St leses — 297}‘;-.-3-2'—1 §—falewe§—] 451

=201.--5s—i—1,s —i+1...5—1T%

by the notation of § 7.

(iii) For n = 2s, let V, = I, be an irreducible subvariety of A%Y. The
principal U(s)-bundle f&: V,, ,, — AZ? is two disjoint copies of the canonical
U(s)-bundle E over V,. By 3.7, E splits into a direct sum E=1@ F of a
trivial line bundle 1 and the canomical U(s — 1)-bundle F over A%, or
equivalently &0 : Vs y g — AZY. Thus ¢(E) = 0 and

c(By=c(F)=2[01 - .5 —i—2,5s —i---5—2]*
forl<i<s-—1
by (ii) above and (iii) of § 7.

10. Applications

A 2-form w of constant rank 2s on a trivial R*-bundle E (over B) can be
represented (after suitable normalization) as a map w,: B — A®, and de-
composing w into a sum w =y, A Y., + -+ + ¥; /A ¥, of products of
1-forms (y;) on E is equivalent to lifting w, to V', ,,. (Refer to [4] for details.)
We thus obtain
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Proposition. A necessary condition for the decomposability of a 2-form w
of constant rank 2s on a trivial R*-bundle E (over B) is that w¥(c,) = 0 in
H*™(B ; Z) where ¢, ¢ HY(A™ ; Z) are as given by the theorem of the preced-
ing section.

If the total bundle E is not trivial, then a necessary condition for a 2-form
w on E of constant rank 2s to decompose is that the 2s-dimensional subbundle
S, of E, on which w is a 2-form of maximal rank, is trivial. Using the trivi-
ality of S,,, w is represented as a map w,: B — I,. Then w decomposes if and
only if w, lifts to SO(2s). By (iii) of the theorem of the preceding section, a
necessary condition for the existence of such a lift is

2wF({Ol -+ s —i—2,8s =1 .- 5 =21%) =0 forl<i<s—1.

It can be verified (although we shall not go into the ring structure of
H*(A™ ; Z)here)that ([01 - s — i — 2,5 —i-- s =21 <i<s—1)
form a homogenous system of generators for H*(I;; Z), and this immediately
yields

Proposition. A necessary condition for the decomposability of a 2-form w
of constant rank 2s on an R™-bundle E (over B) is:

1. S, is a trivial bundle,

2. Image w¥ C 2-torsion in H*(B; Z).
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